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Highlights 
 Chaos in fluid-conveying nanotubes with initial deflections is analysed.  
 A scale-dependent model of nanobeams with large deformations is developed. 
 To comprehensively simulate size effects, the NSGT is utilised.  
 Relative motions at the nanofluid/nanotube interface are incorporated. 
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Abstract 
A scale-dependent model of nanobeams with large deformations is developed to investigate 
the influences of a geometric imperfection on the chaotic response of nanotubes. In order to 
comprehensively simulate the effects of being at nanoscales, a nonlocal strain gradient theory 
(NSGT) is utilised. To model a geometric imperfection, an initial deflection is taken into account 
for the nanosystem. Since the relative motion between the nanofluid and nanotube at the 
interface is not negligible, Karniadakis-Beskok assumptions are employed to incorporate the 
effects of this relative motion. Utilising an energy-work balance technique, the nonlinear 
governing equations are derived for the coupled motion of the nanofluid-conveying NSGT 
nanotube. Finally, the influences of the geometric imperfection on the motion response are 
analysed using a direct-time-integration approach and a Galerkin scheme.  
Keywords: Chaotic response; Nanotubes; Nanofluid; Geometric imperfection 
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1. Introduction 
The emergence of nanotechnology has brought promising solutions for many problems 
and challenges that human beings encounter. This relatively new branch of technology has 
many applications ranging from medicine to various engineering fields. Many useful 
nanotechnology-based systems such as nanoelectromechanical biosensors, energy harvesters 
and generators have been fabricated by researchers and engineers all around the world. 
Nanotubes are among the most common building blocks in these nanoscale systems. Therefore, 
it is important to improve our knowledge of the mechanical, physical and electrical behaviours 
of nanotubes.   
Both experimental and theoretical investigations on small-scale structures have shown 
that their mechanical behaviour is size-dependent [1-6]. Size-dependent elasticity theories 
including surface [7-10], nonlocal [11-17], strain gradient [18-21] and couple stress [22-27] have 
been utilized in the literature for investigating the stability, oscillation and deformation of 
various types of nanostructures. In this nonlinear modelling, a combination of strain gradient 
and nonlocal theories is used [28-30].      
The stability, oscillation and deformation of nanofluid-conveying nanotubes have been 
analysed in recent times via size-dependent elasticity theories. The vibration and instability of 
nanofluid-conveying nanotubes were theoretically explored by Wang and Ni [31] using an 
elasticity theory. Furthermore, a nanoscale system of a tube, surrounding matrix and fluid flow 
was analysed by Soltani et al. [32] in terms of mechanical response. In another analysis, Lee and 
Chang [33] investigated the time-dependent deformations of a fluid-conveying nanotube, 
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which vibrates in the thickness direction; they developed a nonlocal elasticity-based model for 
this problem. Moreover, a couple-stress elasticity-based model was introduced by Zeighampour 
and Beni [34] to analyse the influences of being at nanoscales as well as the effects of fluid-solid 
interactions on the vibrations of nanotubes. In another work reported in the literature, the 
effects of temperature changes and a viscoelastic foundation on the response of tubes 
conveying fluid at nanoscales were analysed [35]. Liang and Su [36] also developed a theoretical 
model to examine the stability of nanoscale tubes conveying a pulsating fluid. Furthermore, 
Maraghi et al. [37] utilised a nonlocal theory so as to analyse a nanoscale system of boron 
nitride nanotubes as well as fluid flow. A nonlocal theory was also applied by Oveissi et al. [38] 
to simulate size effects on the axial oscillations of nanofluid-conveying nanotubes. In addition 
to these investigations, continuum-based studies have been reported on the forced vibrations 
[39], wave dispersion [40] and nonlinear stability [41] of fluid-conveying nanotubes. 
Perfectly straight nanotubes are rarely found in nanotechnology-based systems and 
devices since a small initial deflection is usually imposed on the nanotube during the fabrication 
process. It is important to incorporate the effects of this initial deflection as it has been 
indicated that a geometric imperfection affects the size-dependent mechanical response of 
small-scale structures [42, 43]. To the best of authors’ knowledge, no continuum-based analysis 
has been conducted on the chaotic response of nanofluid-conveying nanotubes with a 
geometric imperfection. This encourages us to examine this problem in the current paper. The 
NSGT is employed to comprehensively model the effects of being at nanoscales. To take into 
consideration the effects of geometric imperfections, an initial deflection is assumed. The 
Karniadakis-Beskok assumptions are employed to simulate the effects of relative motion 
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between the nanofluid and nanotube at internal interface. The nonlinear governing equations 
are derived via an energy-work balance technique. Using a direct-time-integration approach 
and a Galerkin scheme, the size-dependent bifurcation characteristics of the system 
incorporating the effects of geometric imperfections are analysed and discussed.  
   
2. Relative motion between nanofluid and nanotube at the interface  
Let us consider homogeneous incompressible Newtonian fluid. In addition, the nanofluid 
flow is assumed to be fully developed and laminar. The pressure gradient is also considered 
constant through the tube. Furthermore, a constant viscosity as well as a constant density are 
taken into consideration for the nanofluid. A widely used hypothesis in macroscale structures 
conveying fluid is that there is no relative motion between fluid and structure at the interface. 
However, this hypothesis cannot be utilised in analysing nanoscale systems conveying fluid. To 
take into consideration the effects of this relative motion, let us define the Knudsen number 
(Kn) as follows 
l
l
 .f
e
Kn            (1) 
Here lf and le are respectively the average free path of molecules and external characteristic 
dimension. Using the Knudsen number, the viscosity is expressed as [44] 
  

 
 
,
1
b
e
Kn
           (2) 
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where b  and e , respectively, represent the bulk and effective viscosity. In Eq. (2),   is 
obtained by 
  

   110 0
2
tan ,Kn          (3) 
in which  0  and  1  are commonly assumed as  0 4  and  1 0.4 , respectively. Moreover, 0  
is calculated as  
 

 
   
 
0
64
lim .
12 3Kn
         (4) 
Here   is a constant coefficient. A value of -1 is assumed for this coefficient. To take into 
consideration the effects of the relative motion between the nanofluid and nanotube at the 
interface, a speed correction factor (c ) is employed as 
  ,rmc
nrm
U
U
           (5) 
where rmU  and nrmU  stand for the average nanofluid speed with and without relative motion at 
the interface, respectively. Using Navier–Stokes equations in conjunction with Eqs. (1)-(5) gives 
the following expression  
 
 

 
    
       
     
2 4
1 1 1 ,
1
c
v
Kn
Kn
Kn
        (6) 
  where  v  indicates a constant associated with tangential momentum accommodations. 
 
3. A nonlinear NSGT model incorporating geometric imperfections    
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A nanofluid-conveying NSGT nanotube with a geometric imperfection is indicated in Fig. 
1. The length of the nanosystem is denoted by L. Furthermore, dout and w0 are employed to 
denote the outer diameter and initial deflection of the NSGT nanotube, respectively. The initial 
deflection is caused by geometric imperfections. In the fabrication process, due to many 
reasons such as the lack of precision in one stage of the process and uncontrolled initial thermal 
or mechanical stresses, geometric imperfections can be formed. The nonlinear longitudinal 
strain of the imperfect NSGT nanotube is 

    
    
    
2 2
0
2
1
.
2
xx
dww w u w
z
x dx x x x
         (7) 
In the above expression, w and u represent the transverse deflection and longitudinal 
displacement, respectively. The influences of shear deformations are not incorporated in the 
present formulation since the nanotube thickness is very small compared to its length in the 
analysis. For the same reason, the effects of thickness stretch are also neglected. Using the 
NSGT, the constitutive equation is written as  
           2 2 2 2 2 201 1 ,cl clc xx xx sg xx sg xxe t t t E       (8) 
where clxxt , xxt , sg , e0, c , 
2  and E indicate the classical stress, NSGT stress, strain gradient 
parameter, calibration constant, internal characteristic length, Laplace operator and Young’s 
modulus, respectively [45-48]. In Eq. (8), 0 ce  stands for the nonlocal parameter; the calibration 
constant (e0) is calculated using experimental data or molecular dynamics; c  is an internal 
geometrical property of the nanosystem such as the bond length between two adjacent 
molecules. sg  is used to describe the strain gradient effect, which plays an important role at 
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ultrasmall levels. Indicating the cross-sectional area of the nanotube by A, the NSGT stress 
resultants are as     
 , , ,xx xx xx xx
A
N M t zt dA          (9) 
In the NSGT, there are two scale parameters, which make this theory reasonable for describing 
both strain gradient and nonlocal influences. Nonlocal influences play a significant role when 
the length of the structure is around several nanometres whereas strain gradient influences are 
important at higher lengths. Considering both of these influences leads to a suitable continuum 
model for nanoscale structures [28, 49, 50]. In view of Eqs. (7)-(9), the following relationships 
are obtained for the NSGT stress resultants  
   
                    
2
2 2 2 2 0
0
1
1 1 ,
2
c xx sg
dww w u
e N EA
x dx x x
    (10) 
   
            
2
2 2 2 2
0 2
1 1 ,c xx sg
w
e M EI
x
      (11) 
in which I indicates the inertia moment of the tube. For convenience, the effects of size 
dependence in the thickness axis are not captured in the present analysis. Size-dependent 
theoretical models incorporating this effect have been recently proposed in the literature [51-
53]. The effects of size dependence in the thickness axis on the mechanics of small-scale 
structures can be modelled in future analyses. The potential energy of the imperfect nanotube 
is written as 
      
  
 
       
 
    
  
 
(1) (1)
0 0
(1)
0
,
LL
el xx xx xx xx xx xx
A A
L
xx xx xx
A
U dAdx dA
dAdx
     (12) 
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where  (1)xx  and  xx  stand for the first- and zeroth-order NSGT stresses, respectively. For the 
NSGT stresses of the imperfect nanotube, one obtains 
   (1) ,xx xx xxt           (13) 
The motion energy of the imperfect nanofluid-conveying nanotube is also written as 
     
    
           
         
          
          
        
         


0
0
0
1
.
L
k c c
L
c c
u u u u u u
T M U U m dx
t x t x t t
dww w w w w w
M U U m dx
t x dx t x t t
   (14) 
In Eq. (14), M, m and U represent the nanofluid mass per length, the tube mass per length and 
the nanofluid speed, respectively. Moreover, the work ( FW ) due to the external force (i.e. 
   cosF x t ) is given by 
        0 cos d .
L
FW F x t w x         (15) 
It should be noticed that   is the excitation frequency while F is the excitation amplitude. The 
energy-work balance technique can be written as  
      
2
1
d 0.
t
el F kt
U W T t         (16) 
The substitution of Eqs. (12), (14) and (15) into Eq. (16) gives 
  
   
   
    
2 2 2
2 2
2 2
2 ,xx c c
N u u u
MU m M MU
x x t x t
      (17) 
   
 

 
    
     
    
   
    
    
2
0
2
2 2 2 2
2 2 0
2 2 2
cos
2 .
xx
xx
c c
dwM w
N t F x
x x dx x
d w w w w
MU m M MU
dx x t t x
     (18) 
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Applying Eqs. (17) and (18) in conjunction with Eqs. (10) and (11), the following expressions are 
derived for the NSGT stress resultants  
 
    
    
           
   
    
     
2
2 2 0
3 3 3
2 2 2
0 3 2 2
1
1
2
2 ,
xx sg
c c c
dw w w u
N EA
dx x x x
u u u
e MU m M MU
x x t t x
     (19) 
     
       
 

 
  
      
  
   
    
   
   
    
    
2 2
22 2
02 2
2 20
0 0
2 2 2
2 2 2 0
0 2 2
1
cos
2 .
xx sg c
c xx c
c c c
w w
M EI e m M
x t
dw w
e N e t F x
x dx x
d w w w
e MU MU
dx x t x
     (20) 
Utilising Eqs. (17)-(20), and then employing the following dimensionless parameters   
 
 
 

 
  

  

 
 
      
  
   
       
  
*
0 0 0
1
2 2
2
1 1
4 22 2
2 2
2
1 1
, , , , ,    , , , , ,   
,    ,    ,    ,
,   ,    ,   ,
nl sg c sg
out
out
out
w u w w u w x x e
d L
AL t EI L M
t
I L M m d m M
M m M L F
L U L U F
EI EI d EI x
    (21) 
the non-dimensional nonlinear differential equations of the nanofluid-conveying NSGT 
nanotube are derived as 
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
 

  

 
   
   
     
   
    
      
     
          
     
           
2 2 2
2 2
2 2
4 4 4
2 2 2
2 2 3 4
2
0
23
2 0
3
2
2
1
2
1
0,
2
c c
nl c c
sg
u u u
U U
t x t x
u u u
U U
x t t x x
dw w w u
x dx x x x
dw w w u
x dx x x x
      (22) 
 
 
  
 



   
    
    
    
      
      
 
  
 
          
       
          

22 2 2
2 2 0
2 2 2
44 4 4
2 2 2 0
2 2 3 4 4
6 4
2
1 6 4
2
0 0
2
2
2
cos
1
2
c c
nl c c
sg
sg
d ww w w
U U
t dx x t x
d ww w w
U U
x t t x x dx
w w
F t
x x
dw dww w w u
x dx x dx x x x


  
 


        
     
         
      
       
         
          
       
          

22
2 0 0
2
3 3 3
2 2 20
2 2 3
23
2 0 0
2 3
1
2
2
1
2
nl c c
nl
dw dww w w u
dx x x dx x x x
dw w u u u
U U
dx x x t t x x
dw dww w w u
x x dx dx x x x


  
        
     
         
      
       
         
22
2 0 0
2
3 3 3
2 2 20
2 2 3
1
2
2 0.
sg
nl c c
dw dww w w u
x dx x dx x x x
dww u u u
U U
x dx x t t x x
    (23) 
It should be noticed that for simplification purposes, asterisk notations are not considered. 
When the fluid velocity and fluid mass are set to zero, the governing equations (i.e. Eqs. (22) 
and (23)) are reduced to those available in the literature for Euler-Bernoulli nanobeams without 
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axial inertia effects [54-57]. Let us assume an imperfect NSGT nanotube with clamped ends. The 
displacements of the nanotube are given by 
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         (24) 
where  ( )wk  and 
( )u
k  denote transverse and longitudinal trial functions, respectively; rk and qk, 
respectively, denote transverse and longitudinal generalised coordinates [58-60]. Indicating the 
imperfection amplitude by A0, one can write the initial defection as 
( )
0 0 1
ww A . Substituting Eq. 
(24) into Eqs. (22) and (23) gives  

   
 
   
 
   
 
 
 

 
 
 
  
 

   

 
 
 
1 2 ( )
( ) ( ) ( )
2
1 10
12 ( ) 2 2 ( )
2 2 ( ) 2 ( )
2 2 2
1 10
3 ( ) 4 ( )
( ) 2 2 ( )
3 4
1 1
2
2
x x
x x
x x
N N u
u u uk k k
i k c i
k k
N Nu u
u uk k k
c k i nl i
k k
N Nu u
u uk k k
c i c k i
k k
d r dr d
U
dt dt dx
d d r d
U r dx
dx dt dx
dr d d
U U r
dt dx dx
 
 
  
  
   
  
 
  

 

 
  
 
 
 
 

( )1 ( ) ( )
( )
1 1 10
1( ) ( ) ( )3
2 ( )1
0 3
1 10
( ) ( ) ( ) ( )
1
0
1 1 1
1
2
1
2
x z z
z x
z z
wN N Nu w
ju k k
i k j k
k j k
N Nw w u
uk k
k sg i k
k k
wN N Nw w w
j k k
j k k
j k k
dx
dd dd
r q q
dx dx dx dx
d d dd
A q dx r
dx dx dx dx
d d d d
q q A q
dx dx dx dx



 0,
z
dx
     (25) 
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T

   
 
  
 
   
 
 

 

 

 
   
 

  


 

 
1 2 ( )
( ) ( ) ( )
2
1 10
2 ( ) 2 ( )
2 2 ( ) ( ) 1
02 2
1
1 2 2 ( ) 3 ( )
2 ( ) ( )
2 2 3
1 10
2 2
2
2
z z
z
z z
N N w
w w wk k k
i k c i
k k
N w w
w wk
c k i i
k
N Nw w
w wk k k k
nl i c i
k k
c k i
d q dq d
U
dt dt dx
d d
U q A dx
dx dx
d q d dq d
U
dt dx dt dx
U q  
 
  
 
  
  
 


 
 
 
  
 
 
   
 
  
  
 
 
 
 
14 ( ) 4 ( )
( ) ( ) ( )1
0 14 4
1 0
1 6 ( ) 4 ( )
2 ( ) ( )
6 4
1 10
( ) ( ) ( )
( ) 1
02
1 1
cos
z
z z
z x
N w w
w w wk
i i
k
N Nw w
w wk k
sg k i k i
k k
N Nw w u
w k k
i k k
k k
d d
A dx F t dx
dx dx
d d
q q dx
dx dx
d d dd
A q r
dx dx dx dx
  
  
 
  
  
 
  


 

  

  
   
  
 

 
 
 
1
0
( )( ) ( ) ( )
1
0
1 1 1
( ) ( ) ( )2
2 1
0 2
1 1
( )( ) ( ) ( )
1
0
1 1 1
1
2
1
2
z z z
z x
z z z
wN N Nw w w
jk k
k j k
k j k
N Nw w u
k k
sg k k
k k
wN N Nw w w
jk k
k j k
k j k
dd d d
A q q q
dx dx dx dx
d d dd
A q r
dx dx dx dx
dd d d
A q q q
dx dx dx dx
  

 
 
  
  

 
 
 



 
  
  

    
 
  
 
 
 

( ) ( ) 2 ( )
2 1
0 2
1 1
2 ( ) 3 ( )
2 2
2 3
1 1
( ) ( ) ( )3
2 ( ) 1
02 3
1 1
2
z x
x x
z x
N Nw w u
k k k
nl k
k k
N Nu u
k k k
c c k
k k
N Nw w u
w k k
nl i k k
k k
d d d r d
q A
dx dx dt dx
dr d d
U U r dx
dt dx dx
d d dd
A q r
dx dx dx dx
  
  
  
    

  


 
1
0
( )( ) ( ) ( )
1
0
1 1 1
1
2
z z z
wN N Nw w w
jk k
k j k
k j k
dd d d
A q q q
dx dx dx dx
 
 
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
  
 
  
  


 
  
 
  
   
  

  

 
  
  
 
 
 
 
( ) ( ) ( )2
2 1
0 2
1 1
( )( ) ( ) ( )
1
0
1 1 1
( ) ( ) 2 ( )
2 1
0 2
1 1
1
2
2
z x
z z z
z x
N Nw w u
k k
sg k k
k k
wN N Nw w w
jk k
k j k
k j k
N Nw w u
k k k
nl k
k k
c
d d dd
A q r
dx dx dx dx
dd d d
A q q q
dx dx dx dx
d d d r d
A q
dx dx dt dx
d
U
 

 

  
 
2 ( ) 3 ( )
2 2
2 3
1 1
0.
x xN Nu u
k k k
c k
k k
r d d
U r dx
dt dx dx
     (26) 
The above set of time-dependent coupled equations is solved via application of a direct-time-
integration technique.  
 
4. Numerical results 
The chaotic response of a NSGT nanotube with a geometric imperfection is analysed in 
the following section. For the NSGT nanotube, we have E=610 MPa, v=0.3, density=1024 kg/m3, 
h=66.0 nm, Rout =290.5 nm and L/dout =20. Moreover, the dimensionless parameters are c
=1.10,  =0.5915,  = 4006.9411,  =20.0,   0.04sg  and   0.10nl . In the solution 
procedure, a dimensionless damping coefficient of 0.1 is assumed for both u and w motions. 
Ten degrees of freedom are chosen in each direction. The non-dimensional imperfection 
amplitude is defined by dividing this parameter by the thickness. In the current nonlinear 
analysis, the excitation frequency is equal to the first transverse natural frequency. 
To demonstrate the accuracy of the size-dependent modelling, the dimensionless linear 
critical velocities are compared with those calculated in Refs. [61, 62]; the comparison is shown 
in Fig. 2. The dimensionless critical velocity and nonlocal parameter are defined as 
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  2U U ML EI  and   0nl ce L , respectively. Slip influences and the effects of applied load as 
well as strain gradient effects are ignored. Figure 2 indicates a very good agreement between 
the calculated results and those reported in Refs. [61, 62].  
The convergence of the presented numerical solution is investigated in Fig. 3 for A0=0.01 
and U = 5.00. The bifurcation of fluid-conveying NSGT tubes is plotted for 4-DOF, 8-DOF, 16-DOF 
and 20-DOF. From this figure, it is seen that the number of DOF plays an important role in the 
bifurcation behaviour. While taking into account 4 DOF does not lead to a converged solution, 
in the case of 20-DOF, the numerical solution is converged.  
The bifurcation of fluid-conveying NSGT tubes for the size-dependent dynamics along 
both x and z directions is plotted in Fig. 4; the amplitude of initial deflection, nanofluid speed 
and natural frequency are A0=0, U = 4.90 and ω1=2.1837, respectively. It is found that at small 
forcing amplitudes, the motion is of a periodic type. Nonetheless, as the forcing amplitude is 
increased, a highly chaotic behaviour is observed for the NSGT nanotube without initial 
deflection. This is owing to the fact that higher transverse loads cause more chaos in the 
mechanical behaviour of the tube at nanoscales.    
  Figure 5 shows the bifurcation of fluid-conveying NSGT tubes for the size-dependent 
dynamics along both x and z directions; in this figure, the imperfection amplitude is set to 
A0=0.005 whereas the nanofluid speed is the same as the previous figure (i.e. U = 4.90). The 
natural frequency is ω1=4.9808. Again, at small forcing amplitudes, the size-dependent motion 
is of a periodic type. Nevertheless, various motion types involving period-2, period-4 and 
quasiperiodic are observed when the forcing amplitude is increased. Comparing Figs. 4 and 5 
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reveals that implementing a small initial deflection can considerably reduce chaotic response of 
the nanofluid-conveying NSGT nanotube. This is because of the fact that implementing a small 
initial deflection can slightly make the nanosystem stronger and more stable. Figures 6 and 7 
are plotted so as to provide the reader with more data about the size-dependent dynamics of 
the NSGT nanotube of Fig. 5. It is concluded that at F1=11.0, the system undergoes a period-2 
motion whereas it encounters a quasiperiodic response at F1=37.8. 
The size-dependent bifurcation of fluid-conveying NSGT tubes for dynamic responses 
along both x and z directions is shown in Fig. 8; the amplitude of initial deflection, nanofluid 
speed and natural frequency are set to A0=0.01, U=4.90 and ω1=6.4571, respectively. It is 
observed that the motion is of a periodic type at small forcing amplitudes. Nonetheless, 
different dynamic responses involving period-2, period-4 and chaos are observed for the 
nanofluid-conveying NSGT nanotube for larger forcing amplitudes. Figure 9 reveals the motion 
characteristics at F1=45.0 along both x and z directions; the nanotube exhibits a periodic 
response. 
Figure 10 indicates the influences of increasing imperfection on the scale-dependent 
response of fluid-conveying NSGT tubes; A0=0.05, ω1= 8.0937 and U = 4.90. Although the 
dynamic response is of periodic type at small forcing amplitudes, a highly chaotic response is 
observed at larger forcing amplitudes. For example, Fig. 11 depicts the motion characteristics at 
F1=38.0 along both x and z directions; the nanosystem exhibits a chaotic response for this large 
forcing amplitude. This is owing to the fact that large forcing amplitudes cause more chaos in 
the mechanical response of the nanoscale system. Comparing Figs. 8 and 10 shows that when 
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the imperfection amplitude increases from A0=0.01 to A0=0.05, the dynamic response becomes 
more chaotic. It means that large initial deflections lead to a significant increase in the chance 
of observing chaos in the mechanical behaviour of nanotubes conveying nanofluid since large 
initial deflections make the nanotube weaker and less stable.    
To study the effect of increasing fluid velocity on the bifurcation behaviour of nanofluid-
conveying NSGT nanotubes, Fig. 12 is plotted; the imperfection amplitude is set to A0=0.0 
whereas the nanofluid speed is U = 5.00. For large forcing amplitudes, the NSGT nanotube 
exhibits a periodic motion while different motion types are seen for smaller ones. Furthermore, 
making a comparison between Figs. 4 and 12 shows that when the nanofluid speed is slightly 
increased, chaotic regions shift towards smaller forcing amplitudes. This is because of the fact 
that when there is a fluid-conveying tube subject to a constant applied load, chaos is observed 
earlier in the system by increasing the fluid speed.    
Figure 13 is aimed at illustrating the bifurcation behaviour of nanofluid-conveying NSGT 
nanotubes for the size-dependent dynamics along both x and z directions; the imperfection 
amplitude is not zero (A0=0.005) while the nanofluid speed is the same as the previous figure 
(i.e. U = 5). The natural frequency is computed as ω1=5.8362. A small imperfection in the 
geometry of the NSGT nanotube remarkably alters the bifurcation behaviour. Take into account 
point F1=40 as a salient example of this alteration. The motion type is period-5 at this point for 
A0=0.005, as shown in Fig. 14, while it is chaotic for the case without geometric imperfection.  
The influences of increasing geometrical imperfection on the bifurcation behaviour is also 
highlighted in Fig. 15; A0=0.01, ω1=7.1186 and U = 5.00. It is seen that the chaotic regions shift 
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towards larger forcing amplitudes with increasing the imperfection amplitude from A0=0.005 to 
A0=0.01 for U = 5.00. Moreover, the mechanical response of the nanotube is more chaotic for 
larger values of F1 since higher transverse loads cause more chaos in the fluid-conveying tube at 
nanoscales. To provide the reader with more data about the dynamics of NSGT nanotubes 
analysed in the previous figure, Fig. 16 is plotted. It is found that the nanotube displays a highly 
chaotic behaviour at F1=49.2.   
Figure 17 is plotted to study the effects of nonlocal and strain gradient parameters on the 
bifurcations and chaos of fluid-conveying nanotubes. The dimensionless geometric 
imperfection and fluid velocity are A0=0.01 and U = 5.00, respectively. It is observed that strain 
gradient effects decrease chaos in the nanosystem (compare Fig. 17(c) with Fig. 17(a)) whereas 
nonlocal effects lead to a substantial increase in the chaotic region (compare Fig. 17(b) with Fig. 
17(a)). This is because enhancing nonlocal effects reduces the structural stiffness whereas the 
strain gradient coefficient leads to the opposite influence. Various elasticity theories are also 
compared in this figure; NET, CET and SGT stand for the nonlocal, classical and strain gradient 
elasticity theories, respectively. The SGT is not able to describe chaos in the nanosystem while 
the NET overestimates the chaotic region.  
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5. Conclusions 
A nonlinear continuum-based analysis has been conducted on the chaotic behaviour of 
nanofluid-conveying NSGT nanotubes with an initial deflection. To simulate the influences of 
the relative motion between the nanofluid and nanotube at the interface, the Beskok-
Karniadakis model was used. The nonlinear differential equations were derived according to an 
energy-work balance technique. Furthermore, a direct-time-integration approach and a 
Galerkin scheme were used for extracting the size-dependent mechanical response of the NSGT 
nanosystem incorporating the influences of a geometric imperfection. For NSGT nanotubes 
without an initial deflection, the motion is of a periodic type at small forcing amplitudes 
whereas a highly chaotic behaviour is observed as the forcing amplitude is increased. 
Implementing a small initial deflection first reduces chaotic response of the nanofluid-
conveying NSGT nanotube. However, the dynamic response becomes more chaotic when the 
imperfection amplitude further increases. In addition, chaotic regions shift towards smaller 
forcing amplitudes as the nanofluid speed is slightly increased.   
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Figure 1: A nanofluid-conveying NSGT nanotube with an initial deflection. 
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Figure 2: Verification study for the size-dependent modelling; reported results are from Refs. [61, 62]. 
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Figure 3: Convergence analysis of the bifurcation behaviour of nanofluid-conveying NSGT nanotubes for the 
transverse motion: (a) 4-DOF; (b) 8-DOF; (c) 16-DOF; (d) 20-DOF. 
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Figure 4: Bifurcation of fluid-conveying NSGT tubes: (a) motion in transverse axis (x=0.50); (b) motion in 
longitudinal axis (x=0.65); A0=0, ω1= 2.1837, and U = 4.90. 
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Figure 5: Bifurcation of fluid-conveying NSGT tubes: (a) motion in transverse axis (x=0.50); (b) motion in 
longitudinal axis (x=0.65); A0=0.005, ω1= 4.9808 and U = 4.90. 
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Figure 6: Motion characteristics at F1=11.0 for the NSGT nanotube analysed in Fig. 3: (a) [ 0.5]w x  against time; 
(b)   0.65u x  against time; phase-plane diagram for (c) [ 0.5]w x  and (d)   0.65u x ; Poincaré section for 
(e) [ 0.5]w x  and (d)   0.65u x . 
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Figure 7: Motion characteristics at F1=37.8 for the NSGT nanotube analysed in Fig. 3: (a)   0.5w x  against time; 
(b)   0.65u x  against time; phase-plane diagram for (c)   0.5w x  and (d)   0.65u x ; (e) Poincaré section 
for   0.5w x ; (f) FFT for   0.5w x . 
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Figure 8: Bifurcation of fluid-conveying NSGT tubes: (a) motion in transverse axis (x=0.50); (b) motion in 
longitudinal axis (x=0.65); A0=0.01, ω1= 6.4571, and U = 4.90. 
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Figure 9: Motion characteristics at F1=45.0 for the NSGT nanotube analysed in Fig. 6: (a)   0.5w x  against time; 
(b)   0.65u x  against time; phase-plane diagram for (c) [ 0.5]w x  and (d) [ 0.65]u x . 
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Figure 10: Bifurcation of fluid-conveying NSGT tubes: (a) motion in transverse axis (x=0.50); (b) motion in 
longitudinal axis (x=0.65); A0=0.05, ω1= 8.0937 and U = 4.90. 
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Figure 11: Motion characteristics at F1=38.0 for the NSGT nanotube analysed in Fig. 8: (a) [ 0.5]w x  against time; 
(b) [ 0.65]u x  against time; phase-plane diagram for (c) [ 0.5]w x  and (d) [ 0.65]u x ; Poincaré section for 
(e) [ 0.5]w x  and (d) [ 0.65]u x . 
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Figure 12: Bifurcation of fluid-conveying NSGT tubes: (a) motion in transverse axis (x=0.50); (b) motion in 
longitudinal axis (x=0.65); A0=0.0, ω1= 3.2546 and U = 5.00. 
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Figure 13: Bifurcation of fluid-conveying NSGT tubes: (a) motion in transverse axis (x=0.50); (b) motion in 
longitudinal axis (x=0.65); A0=0.005, ω1= 5.8362 and U = 5.00. 
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Figure 14: Motion characteristics at F1=40.0 for the NSGT nanotube analysed in Fig. 11: (a) [ 0.5]w x  against 
time; (b) [ 0.65]u x  against time; phase-plane diagram for (c) [ 0.5]w x  and (d) [ 0.65]u x ; Poincaré section 
for (e) [ 0.5]w x  and (d) [ 0.65]u x . 
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Figure 15: Bifurcation of fluid-conveying NSGT tubes: (a) motion in transverse axis (x=0.50); (b) motion in 
longitudinal axis (x=0.65); A0=0.01, ω1= 7.1186 and U = 5.00. 
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Figure 16: Motion characteristics at F1=49.2 for the NSGT nanotube analysed in Fig. 13: (a) [ 0.5]w x  against 
time; (b) [ 0.65]u x  against time; (c) phase-plane diagram for [ 0.5]w x ; (d) Poincaré section for [ 0.5]w x . 
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Figure 17: Size effects on bifurcation of fluid-conveying NSGT tubes for the transverse motion: (a) ηsg =0.04 and ηnl 
=0.10 (NSGT); (b) ηsg =0 and ηnl =0.10 (NET); (c) ηsg =0.04 and ηnl =0 (SGT); (d) ηsg =0 and ηnl =0 (CET). 
